Abstract. The number of noncrossing partitions of f1; 2; : : : ; ng with xed block sizes has a simple closed form, given by Kreweras, and coincides with the corresponding number for nonnesting partitions. We show that a similar statement is true for the analogues of such partitions for root systems B and C , de ned recently by Reiner in the noncrossing case and Postnikov in the nonnesting case. Some of our tools come from the theory of hyperplane arrangements.
Introduction
A noncrossing partition of the set n] = f1;2;::: ; ng is a set partition of n] such that if a < b < c < d and a; c are contained in a block B of , while b; d are contained in a block B 0 of , then B = B 0 . Noncrossing partitions are classical combinatorial objects with an extensive literature, see 7, 9, 11, 12, 13, 17, 18, 19, 22] . Natural analogues of noncrossing partitions for the classical re ection groups of type B, C and D were introduced by Reiner 16] and were shown to have similar enumerativeand structural properties with those of the noncrossing partitions, which are associated to the re ection groups of type A.
Nonnesting partitions were recently de ned by Postnikov (see 16 , Remark 2]) in a uniform way for all irreducible root systems associated to Weyl groups. Let be such a root system and + be a choice of positive roots. De ne the root order on + by if ; 2 + and ? is a linear combination of positive roots with nonnegative coe cients. A nonnesting partition on is simply an antichain in the root order of . Postnikov observed that the nonnesting partitions on are in bijection with certain regions of an a ne hyperplane arrangement related to the Coxeter arrangement associated to . For = A n?1 , nonnesting partitions are naturally in bijection with set partitions of n] such that if a < b < c < d and a; d are consecutive elements of a block B of , then b; c are not both contained in a block B 0 of . This concept has reappeared in a geometric context in 3] .
A number of striking similarities between noncrossing and nonnesting partitions were pointed out by Postnikov and recorded by Reiner 16, Remark 2] . For the case of the root system A n?1 , the number of both noncrossing and nonnesting partitions is
The present research was carried out while the author was a Hans Rademacher Instructor at the University of Pennsylvania. 1 the nth Catalan number and their distribution according to the number of blocks is the same. Moreover, it follows from Postnikov's observation and one of the results in 1] 2, Part II] that, for = B n ; C n or D n , as well as A n?1 , the number of nonnesting partitions on coincides with that of noncrossing partitions, as computed in 16] .
In this paper we strengthen these observations by xing the block sizes. Our motivation comes from a simple formula of Kreweras 11] for the number of noncrossing partitions of n] of a xed type , the integer partition of n whose parts are the sizes of the blocks. It is not hard to prove (see e.g. 3, x4]) that the number of nonnesting partitions of n] of type is given by the same formula. We prove similar formulas for the root systems B n and C n which again coincide in the noncrossing and nonnesting case.
The paper is structured as follows. In Section 2 we give some more background and de nitions and state our results, after we extend the notion of type to nonnesting partitions on B n , C n and D n . In Section 3 we discuss the case of A n?1 and provide an explicit bijection between noncrossing and nonnesting partitions which preserves the type . In Section 4 we prove the analogue of the result of Kreweras for noncrossing partitions for the other classical re ection groups. In Section 5 we show that the number of nonnesting partitions on B n and C n of type is given by the same formula as the corresponding number of noncrossing partitions. Our arguments exploit the connections between nonnesting partitions and hyperplane arrangements and use the \ nite eld method" of 1] 2, Part II]. Section 6 contains some concluding remarks and related questions.
Background and results
Noncrossing partitions. We rst recall the de nition of noncrossing partitions for the classical re ection groups from 16]. In this section, denotes a root system in one of the in nite families A n?1 , B n , C n and D n .
Partitions of n] are naturally in bijection with intersections of the re ecting hyperplanes x i ? x j = 0 in R n of the Coxeter group of type A n?1 and are refered to as A n?1 -partitions. -partitions are de ned by analogy. The re ecting hyperplanes in the case of the Coxeter group of type B n are x i = 0 for 1 i n, x i ? x j = 0 for 1 i < j n,
The subspace of R 8 fx 2 R 8 : x 1 = ?x 5 = ?x 8 ; x 2 = x 3 ; x 6 = x 7 ; x 4 = 0g is a typical intersection of such hyperplanes when n = 8 which is encoded by the partition having blocks f1;?5;?8g, f?1;5;8g, f2;3g, f?2;?3g, f6;7g, f?6;?7g and f4;?4g. A B n -partition is a partition of the set f1;2;::: ; n; ?1;?2;::: ; ?ng which has at most one block (called the zero block, if present) containing both i and ?i for some i and is such that for any block B of , the set ?B, obtained by negating the elements of B, is also a block of . It follows that the zero block, if present in , is a union of pairs fi;?ig.
The same hyperplanes as in (1) are the re ecting hyperplanes in the case of C n and those of the second and third kind are the ones in the case of D n . Thus the notion of a C n -partition coincides with that of a B n -partition while a D n -partition is de ned as a B n -partition in which the zero block does not consist of a single pair fi;?ig, if present. The partition with blocks f1;?3;5g;f?1;3;?5g;f4g;f?4g and f2;6;?2;?6g is a D 6 -partition which corresponds to the intersection of hyperplanes fx 2 R 6 : x 1 = ?x 3 = x 5 ; x 2 = x 6 ; x 2 = ?x 6 g in R 6 . A -partition can be represented pictorially by placing the integers 1; 2; : : : ; n, if = A n?1 , and 1; 2; : : : ; n; ?1;?2;::: ; ?n otherwise, in this order, along a line and drawing arcs above the line between i and j whenever i and j lie in the same block B of and no other element between them does so. We call noncrossing if no two of the arcs cross. This is equivalent to the de nition given in the Introduction in the case of A n?1 . Note that the notions of B n and C n noncrossing partitions coincide. Figure   1 shows that the B 8 -partition with blocks f1;?5;?8g, f?1;5;8g, f2;3g, f?2;?3g, f6;7g, f?6;?7g and f4;?4g, discussed earlier, is noncrossing. Figure 1 . A B 8 -noncrossing partition The following theorem was proved by Kreweras 11] in the case = A n?1 and by Reiner 16] in the remaining cases. Theorem 2.1. ( 11, 16 ]) The number of noncrossing -partitions is the nth Catalan Figure 1 is (3; 2; 2). The number of noncrossing partitions of n] with xed type was given by Kreweras 11] . For any integer partition we let m = r 1 !r 2 ! , where r i denotes the number of parts of equal to i. where d is the number of parts of . Nonnesting partitions. From now and on we choose and + explicitly as in 10, 2.10], so that positive roots are of the form e i , 2e i and e i e j for i < j, where the e i denote standard coordinate vectors. We rely on 10] for any unde ned terminology on root systems. Recall from the introduction that a nonnesting partition on is an antichain in the root order on + . Such a partition determines a -partition in a way that we describe next. For = A n?1 we have + = fe i ? e j g 1 i<j n . The A n?1 -partition which is associated to is the one whose diagram contains an arc between i and j, with i < j, if and only if e i ?e j is in . It follows that nonnesting partitions of A n?1 are in bijection with partitions of n] whose diagrams have no two arcs \nested" one within the other. Equivalently, if a < b < c < d, a; d are contained in a block B and no m with a < m < d is in B, then b; c are not both contained in a block B 0 . This is the alternative description given in the introduction and becomes the de nition of a nonnesting permutation of a multiset 3, x2] if the blocks are labeled. Figure 2 shows the diagram of the A 10 -partition associated to = fe 1 ? e 4 ; e 2 ? e 5 ; e 3 ? e 6 ; e 5 ? e 7 ; e 7 ? e 9 g. If = B n we have the extra positive roots e i , for 1 i n and e i + e j , for 1 i < j n. A diagram representing can be drawn by placing the integers 1; 2; : : : ; n; 0; ?n;::: ; ?2, ?1, in this order, along a line and arcs between them. For i; j 2 n], we include arcs between i and j and between ?i and ?j if contains e i ?e j , an arc between i and ?j if contains e i + e j and arcs between i and 0 and between 0 and ?i if contains e i . The chains of successive arcs in the diagram become the blocks of a B n -partition, after dropping 0, which is the partition we associate to . This map de nes a bijection between nonnesting partitions on B n and B n -partitions whose diagrams, in the above sense, contain no two arcs nested one within the other. We call this diagram the nonnesting diagram of , to distinguish it from the diagram of the B n -partition associated to . Figure 3 shows the nonnesting diagram of the B 6 -partition associated to = fe 4 ; e 1 ? e 3 ; e 2 ? e 5 ; e 5 + e 6 g. The blocks are f1;3g, f?1;?3g, f2;5;?6g, f6;?5;?2g and f4;?4g. Figure 4 shows the nonnesting diagram of the C 6 -partition associated to = f2e 5 ; e 1 ? e 4 ; e 3 ? e 5 ; e 4 ? e 6 g with blocks f1;4;6g, f?6;?4;?1g, f2g, f?2g and f3;5;?5;?3g. The positive roots of D n are those of B n other than e i , 1 i n. The same rules as before determine the diagram of a nonnesting partition on D n . However, nestings can occur in the diagram, e.g. if e i ? e n and e i + e n are both in for some i < n (see Figure 6 ). Note that these two elements are related in the root order of B n and C n but not of D n . The chains in the diagram, which we still call the nonnesting diagram, determine the nonzero blocks of the D n -partition associated to and the zero block is formed by the connected component which contains n if a nesting fe i ? e n ; e i + e n g appears in .
We will usually not distinguish between a nonnesting partition and its associated -partition or nonnesting diagram. In particular, the type of is the type of the associated -partition. The partition of Figure 3 has type (3; 2) and that of Figure  4 has type (3; 1).
Recall that a hyperplane arrangement A is a nite set of a ne hyperplanes in R n . The regions of A are the connected components of the space obtained from R n by removing the hyperplanes of A. The Catalan arrangement associated to (see 1 We do not know of a uniform formula for the number of nonnesting partitions on D n of type if is a partition of n.
3. The case = A n?1 In this section we discuss further the case = A n?1 . We give a simple bijection between noncrossing and nonnesting partitions of n] which preserves type and explains directly the fact that the two quantities of Theorems 2.2 and 2.5 are identical. We do not know of such a bijection for the case = B n or C n . To be self-containt, we also include a proof of Theorems 2.2 and 2.5.
Given a partition of n] of type , let B 1 ; B 2 ; : : : ; B d be the blocks of , numbered so that if a i is the least element of B i then 1 = a 1 < a 2 < < a d . We write a = a( ) = (a 1 ; a 2 ; : : : ; a d ) and = ( ) = ( 1 ; 2 ; : : : ; d ), where i is the cardinality of B i , so that is a permutation of . For the partition of Figure 2 we have a = (1; 2; 3; 8) and = (2; 4; 2; 1). Theorem 3.1. Given a nonnesting partition of n], there is a unique noncrossing partition 0 := n ( ) such that a( 0 ) = a( ) and ( 0 ) = ( ). The map n is a bijection between nonnesting and noncrossing partitions of n] which preserves type. Proof. Let be nonnesting and a i ; i ; B i for 1 i d be as before. Let C i be a chain of i ?1 successive arcs for each i. We refer to the i endpoints of these arcs as the elements of C i . To construct the diagram of 0 , we place successively the chains C i relative to each other as follows. Assume that we have already placed the chains C i for i < j. Note that the total number 1 + 2 + + j?1 of elements of the chains already placed is at least a j ? 1. We insert the leftmost element of C j in position a j , counting from the left, relative to the elements of C 1 ; : : : ; C j?1 . There is a unique way to place the other elements of the chain to the right without forming any pair of crossing arcs. The resulting diagram determines a noncrossing partition 0 with the desired properties. The inverse of n is de ned in the same way except that, for each j, we place the elements of C j to the right of the leftmost one in the unique way in which no pair of nesting arcs is formed. Figure 5 shows the diagram of the noncrossing partition which corresponds under the bijection 9 to the nonnesting partition of Figure 2 . Its blocks are f1;9g, f2;5;6;7g, f3;4g and f8g. diagram is shown in Figure 1 we have S = f2;5;6g, f(2) = 2, f(5) = 3 and f(6) = 2.
To show that this correspondence is a bijection we describe the inverse. We may assume that is not the empty partition, i.e. d 1. We rst place the integers 1; : : : ; n; ?1;::: ; ?n, in this order, along a line. Given (S; f) as above, we call an element s of S admissible if none of the f(s) ? 1 integers on the line immediately to its right are in S or ?S. We claim that admissible elements exist. Indeed, for s 2 S let g(s)?1 be the number of integers strictly between s and the next element of S or ?S to its right. Since there are exactly n integers between the smallest integer i in S and its negative ?i, including i, the numbers g(s) sum to n. On the other hand, the sum of the parts f(s) of is at most n. Hence we have f(s) g(s) for at least one s in S, which means that s is admissible.
For each admissible element s, let s and the f(s) ? 1 integers immediately to its right form a block B and let ?B be another block. We now remove from the picture the blocks already constructed and continue similarly, until all elements of S are removed. The remaining elements, if any, form the zero block. This proceedure de nes a noncrossing B n -partition of type . If n = 8, S = f2;5;6g, f(2) = 2, f(5) = 3 and f(6) = 2 then the blocks f2;3g and f6;7g are constructed rst, along with their negatives. The resulting partition is the one in Figure 1 .
We leave it to the reader to check that the two maps are indeed inverses of each other. Note that the blocks constructed from the admissible elements of S by the second map, along with their negatives, correspond to the blocks B of which have no other block nested within B, along with their negatives.
The argument in the previous proof re nes the one given by Reiner in the proof of the following result. The case of B n . A labeled nonnesting partition on B n of type is a nonnesting partition on B n of type whose pairs of nonzero blocks fB;?Bg are labeled with the integers 1; 2; : : : ; d so that if fB;?Bg is labeled with i then B has cardinality i . We say that is signed if a sign + or ? is assigned to each nonzero block of so that the sign of ?B is the negative of that of B.
We associate a region in R d to a signed labeled nonnesting partition on B n of type as follows. If B is the nonzero block of labeled with i, we write the variables x i ; x i + 1; : : : ; x i + i ? 1, if the sign of B is +, and ?x i ? i + 1; : : : ; ?x i ? 1; ?x i , if the sign of B is ?, in this order, from left to right in place of the elements of B in the nonnesting diagram of . We also write the numbers ?m;::: ; ?1;0;1;::: ; m, in this order, from left to right in place of the elements of the zero block, so that a 0 is written again in place of 0 in the middle. If 1 ; 2 ; : : : ; 2n+1 are the quantities that appear from left to right in the modi ed nonnesting diagram of then the region of R d which we associate to is the one de ned by the inequalities For the partition of Figure 3 , if the blocks f2;5;?6g, f1;3g, labeled with 1 and 2, respectively, have the sign + then the associated region of R 2 is de ned by x 2 < x 1 < x 2 +1 < ?1 < x 1 +1 < ?x 1 ?2 < 0 < x 1 +2 < ?x 1 ?1 < 1 < ?x 2 ?1 < ?x 1 < ?x 2 .
Since (2) Proof. In view of the above discussion we only need to check that the region de ned by (2) is nonempty. This is equivalent to the statement that we can draw the nonnesting diagram of on the real line symmetrically around the origin so that all arcs have length 1. This follows by induction on the number of arcs after we assume that has no singleton blocks, as we may, and remove the two extreme arcs to get the nonesting diagram of a partition 0 with two arcs less. ways. Finally we naturally assign to the t objects to the right of 0 (which are either boxes or elements of the form x i + r) the values 1; 2; : : : ; t 2 F q , in this order, to get appropriate tuples (x 1 ; x 2 ; : : : ; x d ). 
The following lemma can be proved as Lemma 5.2.
Lemma 5.5. The signed, labeled nonnesting partitions on C n of type are in bijection with the regions of the arrangement C n ( . The total number of nonnesting partitions on B n is ? 2n
n . The same is true if B n is replaced by C n .
The case of D n . Recall that a nonnesting partition on D n has a zero block if e i ?e n and e i + e n are both in for some i < n. The zero block is formed by the connected component of the nonnesting diagram which contains n. Figure 6 shows a nonnesting partition on D 5 with zero block f1;3;5;?1;?3;?5g. Proof. Let be a nonnesting partition on D n of type . By the assumption on , has a zero block which contains fn;?ng and at least one more pair fi;?ig. Merge n and ?n in the nonnesting diagram of to a single element, labeled 0, to get the diagram of a nonnesting partition on B n?1 of type . For example, the partition of Figure 6 becomes the B 4 -nonnesting partition with nonzero blocks f2;4g and f?2;?4g. This correspondence is a bijection between nonnesting partitions on D n of type and nonnesting partitions on B n?1 of type , so the result follows from Corollary 5.4.
6. Remarks 1. Let be an irreducible root system in R n associated to a Weyl group W, as in the introduction. Let + be a choice of positive roots and C denote the corresponding fundamental alcove in R n , de ned by the inequalities x > 0 for 2 + . The bijection that we refered to before Theorem 2.4 sends a nonnesting partition on to the region in C de ned by x > 1, if in the root order of for some 2 and x < 1, if otherwise. It follows that the number of nonnesting partitions on is equal to the number of regions of the -Catalan arrangement, divided by the order of the group W.
2. One can naturally try to carry structural properties of noncrossing partitions over to nonnesting partitions. However, the set of nonnesting partitions of n] partially ordered by re nement will typically not be a lattice, as is the case for noncrossing partitions. Already for n = 6, the partitions f1;3;6gf2;5gf4g and f1;4;6gf2;5gf3g do not have a meet in this poset. 
